Some factorisations counted by Catalan numbers  by Gewurz, Daniele A. & Merola, Francesca
European Journal of Combinatorics 27 (2006) 990–994
www.elsevier.com/locate/ejc
Some factorisations counted by Catalan numbers
Daniele A. Gewurz, Francesca Merola
Dipartimento di Matematica, Università di Roma “La Sapienza”, Roma, Italy
Received 27 January 2005; accepted 5 April 2005
Available online 11 May 2005
Abstract
In this paper, yet another occurrence of the Catalan numbers is presented; it is shown that the
number of primitive factorisations of the cyclic permutation (1 2 . . . n + 1) into n transpositions
is Cn , the n-th Catalan number. A factorisation ((a1 b1), (a2 b2), . . . , (an bn)) is primitive if its
transpositions are “ordered”, in the sense that the ai s are non-decreasing.
We show that the sequence counting primitive factorisations satisfies the recurrence for Catalan
numbers, and we exhibit an explicit bijection between the set of primitive factorisations and the set
of 231-avoiding permutations, known to have size counted by Catalan numbers.
© 2005 Elsevier Ltd. All rights reserved.
A cyclic permutation of length n + 1 can be written as a product of n transpositions
in (n + 1)n−1 ways; the first proof of this well-known result was given by Dénes in 1959
[3]. There has been quite some interest in finding bijective proofs of this fact, the first one
of which was due to Moszkowski [7], and in generalising it in various directions (see for
instance [4] and [6]).
We call the k-tuple ((a1 b1), (a2 b2), . . . , (ak bk)) of transpositions of Sn+1 a
factorisation of the cycle (1 2 . . . n + 1) if (a1 b1)(a2 b2) . . . (ak bk) = (1 2 . . . n + 1).
Informally, we shall often use the term ‘factorisation’ just for the product. Note that we
multiply permutations from right to left; that is, permutations act on the left.
Of course, at least n transpositions are needed to factorise an (n + 1)-cycle; a
factorisation consisting of exactly n transpositions is therefore called minimal, and in what
follows we shall mostly consider minimal factorisations.
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In this paper, we consider the minimal factorisations (a1 b1)(a2 b2) . . . (an bn) of the
cycle (1 2 . . . n + 1) for which the property ai ≤ ai+1 (i = 1, . . . , n − 1) holds (with
ai < bi for each i = 1, . . . , n). Call these factorisations primitive. For instance, for n = 2,
the primitive factorisations of (1 2 3) are (1 2)(2 3) and (1 3)(1 2); there is just another
factorisation, (2 3)(1 3), which is not primitive.
We are going to show that the number of such factorisations is the Catalan number
Cn = 1n+1
(
2n
n
)
.
Before stating and proving the main result, we collect some results on factorisations.
Lemma 1. Let (a1 b1)(a2 b2) . . . (an bn) be a primitive factorisation of the cycle
(1 2 . . .n + 1).
1. If for some j we have a j = a j+1, then b j > b j+1.
2. The sequence b1b2 . . . bn of the second components is a permutation of {2, 3, . . . , n+1}.
3. The permutation b1b2 . . . bn is 231-avoiding (that is, if i < j < k then it never happens
that bk < bi < b j ).
For instance, (1 9)(1 8)(1 7)(1 2)(2 3)(3 6)(3 5)(3 4) is a primitive factorisation of the
cycle (1 2 3 4 5 6 7 8 9). Here a1 = a2 = a3 = a4 = 1 and b1 = 9 > b2 = 8 > b3 =
7 > b4 = 2 and so on. The sequence of the bi s is 98723654, which is a 231-avoiding
permutation of {2, 3, . . . , 9}. On the other hand, a permutation such as, say, 89723654 is
not 231-avoiding.
Proof. We proceed by induction on the length n + 1 of the cycle to be factorised. The
results are clearly true for n = 1 or 2.
Note that in a primitive factorisation of the cycle (1 2 . . .n + 1) all the occurrences of 1
are in the first position of the first transpositions. Furthermore, the last of the transpositions
containing 1 is (1 2) (for it gives the image of 1).
Let (1 2 . . .n + 1) = (1 b1)(1 b2) . . . (1 bl−1)(1 2)(al+1 bl+1) . . . (an bn) be
a primitive factorisation. Multiply, on the left, both sides by (1 2) (this conjugates
(1 b1)(1 b2) . . . (1 bl−1) by (1 2)). We get
(1 2)(1 2 . . .n + 1) = (1 2)(1 b1)(1 b2) . . . (1 bl−1)(1 2)(al+1 bl+1) . . . (an bn);
that is,
(1)(2 . . .n + 1) = (2 b1)(2 b2) . . . (2 bl−1)(al+1 bl+1) . . . (an bn).
This is a primitive factorisation of a cycle of length n (relabel its elements if you wish).
It is now easy to use induction to prove the claims.
By induction, b1 > b2 > · · · > bl−1 and the same holds for the rest of the factorisation,
which is not affected by the conjugation. This proves the first claim.
Furthermore, again by induction, b1, b2, . . . , bl−1, bl+1, . . . , bn are all different, and
different from 2 (the only occurrence of 2 as one of the bi s was in the unique transposition
(1 2)). So b1, . . . , bn are n distinct elements in the set {2, . . . , n + 1}. This proves the
second claim.
Finally, assume that a “231-subsequence” {bi , b j , bk} (i < j < k) with bk < bi < b j
occurs. The term bl = 2 cannot appear in such a subsequence, because, being the smallest
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element, it should play the rôle of bk ; but the terms before bl are in decreasing order, by
the first claim.
So a 231-subsequence is a subset of {b1, b2, . . . , bl−1, bl+1, . . . , bn}, but this is
impossible by the induction hypothesis. This proves the last claim. 
The following lemma, due to Biane (see [1], Lemma 2, which holds for more general
decompositions), is concerned with minimal factorisations of an arbitrary permutation σ ,
that is, expressing σ as a product of the least possible number of transpositions.
Lemma 2. If σ is a permutation and σ = (a1 b1)(a2 b2) . . . (ak bk) is a minimal
factorisation, then, for each i , ai and bi are in the support of the same cycle of σ (written
as a product of disjoint cycles).
Now we state and prove the main result of this note.
Theorem 3. Let c(n) be the number of primitive minimal factorisations of the cycle
(1 2 . . .n + 1). Then the sequence c(n) satisfies the recurrence
c(n + 1) =
n∑
i=1
c(i)c(n − i + 1).
Proof. First of all, remark that
(1 2 . . . n + 1) = (1 2 . . . i)(i n + 1)(i i + 1 . . .n).
Thus, any choice of a primitive factorisation α of (1 2 . . . i) and one, β, of (i i + 1 . . .n)
yields a primitive factorisation of the (n +1)-cycle. (All elements moved by α are less than
or equal to i , while all elements moved by β are greater than or equal to i .)
We shall now prove that each primitive factorisation of the (n + 1)-cycle is of the
form just shown: there is a unique i such that the factorisation splits into a factorisation
of (1 2 . . . i), a transposition swapping i and n + 1, and a factorisation of (i i + 1 . . .n).
Given a primitive factorisation (a1 b1)(a2 b2) . . . (an bn) of (1 2 . . .n + 1), let i be the
minimum index such that bi = n + 1. Note that ai is greater than ai−1: if this were not the
case, then by Lemma 1 we would have bi−1 > n + 1, which is not possible.
Now, given a factorisation
(a1 b1)(a2 b2) . . . (ai n + 1) . . . (an bn) = (1 2 . . .n + 1),
we multiply by (ai n + 1) (this is the same trick we used in the proof of Lemma 1):
(ai n + 1)(a1 b1)(a2 b2) . . . (ai−1 bi−1)(ai n + 1)(ai+1 bi+1) . . . (an bn)
= (ai n + 1)(1 2 . . . n + 1).
On the right we have (1 2 . . .ai − 1 n + 1)(ai ai + 1 . . .n).
The left hand side is equal to (a1 b˜1)(a2 b˜2) . . . (ai−1 b˜i−1)(ai+1 b˜i+1) . . . (an bn). We
have conjugated the first i − 1 transpositions by (ai n + 1): each of the a j is unchanged
(because all of them are less than ai ), and b˜ j is equal to b j unless b j = ai , in which case
b˜ j = n + 1.
Now we have:
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(a1 b˜1)(a2 b˜2) . . . (ai−1 b˜i−1)(ai+1 bi+1) . . . (an bn)
= (1 2 . . .ai − 1 n + 1)(ai ai + 1 . . .n).
By Lemma 2, the support of each of the transpositions of the left hand side is a subset
of the support of one of the two cycles in the r.h.s. The elements a j are in the support of
the cycle (ai ai + 1 . . .n) if and only if j ≥ i + 1; so the corresponding b j must be there
too. Hence, (ai+1 bi+1) . . . (an bn) is a primitive factorisation of (ai ai + 1 . . .n). From
this, we also get that in the original factorisation there is exactly one transposition moving
n + 1. By minimality, we have ai = i .
Now we are able to conclude:
(a1 b1)(a2 b2) . . . (ai−1 bi−1)(ai n + 1) = (1 2 . . . n + 1)(ai ai + 1 . . .n)−1
= (1 2 . . . ai − 1 ai n + 1)
and
(a1 b1)(a2 b2) . . . (ai−1 bi−1) = (1 2 . . .ai − 1 ai ) = (1 2 . . . i);
we obtain a primitive factorisation of (1 2 . . . i) which, together with the previously
exhibited primitive factorisation of (ai ai + 1 . . .n), gives the required “splitting” of a
given primitive factorisation of (1 2 . . . n).
This proves the theorem: for each i , we have c(i) choices for the first factorisation,
c(n − i + 1) for the second, giving the required recurrence. 
From this theorem, the claim about Catalan numbers follows.
Corollary 4. The primitive factorisations are counted by the Catalan numbers: c(n) = Cn.
Proof. We have c(1) = 1 = C1, and the theorem shows that the recurrence satisfied by the
sequence c(n) is the well-known recurrence that holds for Catalan numbers. 
Note that the counting result can be obtained in a different way using the bijection
between minimal factorisations and parking functions described by Stanley [8] and Biane
[2], and the known fact that primitive parking functions, that is, nondecreasing sequences
of positive integers such that the i -th term is less than or equal to i , are counted by Catalan
numbers (see item (s) in the list of combinatorial interpretations described by Stanley [9]
in Exercise 6.19). Our proof, though, explicitly shows that primitive factorisations have
the “recursive structure that corresponds to the convolution recurrence” [5] for Catalan
numbers.
It is possible to give a different, direct bijective proof of the fact that our
factorisations are counted by the Catalan numbers. From each primitive factorisation
(a1 b1)(a2 b2) . . . (an bn) we can obtain the two n-tuples (a1, . . . , an) and (b1, . . . , bn);
both the a-sequences and the b-sequences correspond to sets whose sizes are (separately)
given by the Catalan numbers.
The set of the sequences (a1, . . . , an) coincides with the set of the aforementioned
primitive parking functions; let us now fix our attention on the sequences
(b1, . . . , bn).
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Proposition 5. The map that associates with (a1 b1)(a2 b2) . . . (an bn) the sequence
b1b2 . . . bn is a bijection between the set of primitive factorisations of the cycle (1 2 . . . n +
1) and the set of 231-avoiding permutations on n points.
Proof. Lemma 1 shows that each of the sequences b1b2 . . . bn is a 231-avoiding
permutation of {2, 3, . . . , n + 1}.
On the other hand, given a 231-avoiding permutation b1b2 . . . bn , there is a unique
way to obtain numbers a1, . . . , an such that (a1 b1)(a2 b2) . . . (an bn) is a primitive
factorisation of the (n + 1)-cycle.
Exactly one of the bi s, say bl , is equal to 2. Therefore, a1 = · · · = al have to be equal
to 1. Now consider the permutation σ = (al bl)(al−1 bl−1) . . . (a1 b1)(1 2 . . . n + 1),
which is equal to (al+1 bl+1) . . . (an bn). We may, by Lemma 2, consider separately
each of the cycles of σ (written as a product of disjoint cycles). Up to renumbering, we
apply the same procedure recursively, and at each step the choice of the ai s is forced as
above. 
For instance, let us apply the procedure to the 231-avoiding permutation 8624357 of
{2, 3, . . . , 8}. The first step gives
(1 8)(1 6)(1 2)(a4 4)(a5 3)(a6 5)(a7 7) = (1 2 3 4 5 6 7 8);
then σ = (1 2)(1 6)(1 8)(1 2 3 4 5 6 7 8) = (1)(2 3 4 5)(6 7)(8) =
(a4 4)(a5 3)(a6 5)(a7 7). Now, by recursion, a4 = a5 = 2 and a7 = 6. The next step
will give a6 = 4.
The last result gives a bijective proof of Corollary 4. Just put together the previous
proposition and known results on 231-avoiding permutations (they appear in Stanley’s list
of combinatorial interpretations of Catalan numbers; see [9], Ex. 6.19 (ff) and (ii), and the
solutions).
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